A remark on algebraic curves derived from convolution sums by unknown
Kim et al. Journal of Inequalities and Applications 2013, 2013:58
http://www.journaloﬁnequalitiesandapplications.com/content/2013/1/58
RESEARCH Open Access
A remark on algebraic curves derived from
convolution sums
Daeyeoul Kim1, Aeran Kim2 and Min-Soo Kim3*
*Correspondence:
mskim@kyungnam.ac.kr







Full list of author information is
available at the end of the article
Abstract
Hahn (Rocky Mt. J. Math. 37:1593-1622, 2007) established three diﬀerential equations




σ˜ (l)σ˜ (m)σ˜ (n),
∑
l+m+n=N
σˆ (l)σˆ (m)σ˜ (n),




















forN , s,d ∈N. The convolution sum is special one of divisor functions begun by Ramanu-
jan’s eﬀort and expanded by many authors; e.g., see []. For example,
n–∑
m=
σ (m)σ (n –m) = 
(
σ(n) + ( – n)σ (n)
)
()




mσ (m)σ (n –m) = n
(









σ(n) + ( – n)σ(n) – σ (n)
)
()
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in [, (.), (.)], respectively. Moreover, there are
∑
m<n/
σ (m)σ (n – m) = 
(









in [, (.)] and
∑
m<n/



























in [, Theorem ]. In addition, Lahiri [] gave the value of the sum
∑
m+···+mr=n
ma · · ·marr σb (m) · · ·σbr (mr) (r ≥ ),
where the sum is over all positive integers m, . . . ,mr satisfying m + · · · + mr = n, ai ∈
N ∪ {}, and bi ∈ N. In this paper we substitute σˆbi (mi) for σbi (mi) and obtain the formu-
las as Lahiri’s evaluation. So, we refer to Hahn’s paper []. Oﬃcially, we look into Hanh’s
deﬁnition of three functions for |q| < ,



















qdQ(q)dq =P(q)Q(q) – E(q)Q(q). ()
The paper is organized as follows. In Section , we obtain the values of the formulas for
∑
l+m+n=N
σ˜ (l)σ˜ (m)σ˜ (n),
∑
l+m+n=N
σˆ (l)σˆ (m)σ˜ (n),
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σ˜ (l)σ˜ (m)σ˜ (n),
N–∑
m=
σˆ (m)σˆ (N –m),
∑
l+m+n=N






σˆ (l)σˆ (m)σ˜ (n),
N–∑
m=
mσˆ (m)σˆ (N –m)
}
.
If N is an odd integer and n ∈N∪ {}, then there exist u,a,b, c,d, e, g ∈ Z satisfying
f (N) = u
[
aσ(N) + (bN + c)σ(N) +
(




with a + b + c + d + e + g =  (see Theorem .).
In Section , we derive the convolution sums of the restricted divisor functions. In Sec-
tion , we obtain the algebraic curves by using the convolution sums in Section .
2 Convolution sum
∑
l+m+n=N σ˜ (l)σ˜ (m)σ˜ (n)
Theorem . Let N (≥ ) be any positive integer. Then we have
∑
l+m+n=N
σ˜ (l)σ˜ (m)σ˜ (n) = 
{
σ˜(N) + ( –N)σ˜(N) +
(





Proof Multiplying P(q) on both sides in (), we obtain
P(q) = P(q) · qdP(q)dq +P(q)Q(q). ()

































































lσ˜ (l)σ˜ (N – l)qN .
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σ˜ (m)σ˜(n –m) = –σ˜(n) + (n – )σ˜(n) + σ˜ (n)
in [, (.)] and by direct calculation we get
N–∑
l=
lσ˜ (l)σ˜ (N – l) = N
N–∑
l=
σ˜ (l)σ˜ (N – l).
This completes the proof of the theorem. 
Corollary . We obtain
ln
∣∣Q(q)∣∣ =  ∞∑
n=
σ˜ (n) – σˆ (n)
n q
n,
whereQ(q) =  – ∑∞n= σ˜(n)qn as ().


















σˆ (n) – σ˜ (n)
)
xn– dx.
We note that σˆ (n) – σ˜ (n) is positive because
σˆ (n) – σ˜ (n) = 
(
σ (n) – σ (n/)
)
according to
σ˜s(n) = σs(n) – s+σs(n/) and σˆs(n) = σs(n) – σs(n/)
in [, (.), (.)]. Therefore, we can exchange the summation and the integral. This
completes the proof of the corollary. 
We introduce the following Lemma . to deduce Theorem ..
Lemma . Let N (≥ ) be any positive integer. Then we have
(a)
∑N–
m= σˆ (m)σˆ (N –m) =  (σ(N) + σ(
N
 ) – σˆ (N)).
(b)
∑N–
m= σˆ (m)σ˜(N –m) = –  (σ˜(N) + σ˜(N) – σˆ (N)).
(c)
∑N–
m=mσˆ (m)σˆ (N –m) = N (σ(N) + σ(
N
 ) – σˆ (N)).
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Proof




σˆ (m)σˆ (n –m) =
⎧⎨
⎩–σˆ (n) + σ˜(n), if n is odd,–σˆ (n) – σ˜(n) + σ˜(n/), if n is even
in [, Theorem .] derived by the identity E(q) = z( + x), which is the same result (a).
(b) The convolution sum can be written as
N–∑
m=
















































































Therefore, we have proved (b) by using () and ().
(c) We obtain the proof by direct calculation of the index m. 
Corollary . Let N = q+ be an odd prime in Lemma . and let Ti(n) =
∑n




m= σˆ (m)σˆ (q +  –m) = T(q).
(b)
∑q
m= σˆ (m)σ˜(q +  –m) = –(q + q + )T(q).
(c)
∑q
m=mσˆ (m)σˆ (q +  –m) =NT(q).
Proof From Lemma .(a), (b), and (c), we obtain
q∑
m=
σˆ (m)σˆ (q +  –m) = 
{














mσˆ (m)σˆ (q +  –m) = q + 
{
(q + ) – (q + )
}
.
This completes the proof of the corollary. 
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Table 1 Examples for
∑2q
m=1 σˆ (m)σˆ (2q + 1 –m) and 2T2(q) (1≤ q≤ 11)
q 1 2 3 4 5 6 7 8 9 10 11∑2q
m=1 σˆ (m)σˆ (2q + 1 –m) 2 10 28 62 110 182 292 408 570 800 1,012
2T2(q) 2 10 28 60 110 182 280 408 570 770 1,012
Example . The ﬁrst eleven values of∑qm= σˆ (m)σˆ (q +  –m) and T(q) are listed in
Table .
Theorem . Let N (≥ ) be any positive integer. Then we have
∑
l+m+n=N
σˆ (l)σˆ (m)σ˜ (n) = 
{
σ˜(N) + σ˜(N) + σ˜ (N) – (N – )σˆ (N)







Proof Multiplying E(q) in (), we obtain













































































lσˆ (l)σˆ (N – l)qN .
Lastly, we use Lemma .. 
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Theorem . Let N (≥ ) be any positive integer. Then we have
∑
l+m+n=N













Proof Let us consider
∑
l+m+n=N




























– σˆ (N – l)
}
()
by Lemma .(a). Then () becomes
∑
l+m+n=N
σˆ (l)σˆ (m)σˆ (n) = 
{N–∑
l=
σ (l)σ(N – l) – 
∑
l<N/














σˆ (l)σˆ (N – l)
}
by σˆ (n) = σ (n) – σ ( n ). 
Remark . Let N = q +  be an odd prime in Theorem .. Then we have
∑
l+m+n=q+
σˆ (l)σˆ (m)σˆ (n) = T(q) · T(q).
Proof It is obvious. 





σ˜ (l)σ˜ (m)σ˜ (n),
N–∑
m=
σˆ (m)σˆ (N –m),
∑
l+m+n=N






σˆ (l)σˆ (m)σ˜ (n),
N–∑
m=
mσˆ (m)σˆ (N –m)
}
.
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Table 2 Formulas for f (N) with odd N
f (N)∑
l+m+n=N σ˜ (l)σ˜ (m)σ˜ (n)
1
64 (σ5(N) + 6(1 – N)σ3(N) + (8N
2 – 12N + 3)σ (N))∑N–1
m=1 σˆ (m)σˆ (N –m)
1
12 (σ3(N) – σ (N))∑N–1
m=1 σˆ (m)σ˜3(N –m) –
1
48 (σ5(N) + 2σ3(N) – 3σ (N))∑N–1
m=1mσˆ (m)σˆ (N –m)
N
24 (σ3(N) – σ (N))∑
l+m+n=N σˆ (l)σˆ (m)σ˜ (n)
1
576 (σ5(N) + (6N – 2)σ3(N) + (7 – 12N)σ (N))∑
l+m+n=N σˆ (l)σˆ (m)σˆ (n)
1
192 (σ5(N) – 2σ3(N) + σ (N))
If N is an odd integer and n ∈N∪ {}, then there exist u,a,b, c,d, e, g ∈ Z satisfying
f (N) = u
[
aσ(N) + (bN + c)σ(N) +
(




with a + b + c + d + e + g = .
Proof It is satisﬁed by Theorem ., Lemma ., Theorem ., and Theorem .. 
The expressions are shown in Table .
3 Algebraic curves derived from convolution sums
To obtain the result of this section, we need a general theory and it is this that we describe.
Suppose that the two polynomials
f(x) = cxn + · · · + cn–x + cn,
f(x) = dxm + · · · + dm–x + dm
have common zero, say x. Then each of the equations
f(x) = xf(x) = · · · = xm–f(x) =  = f(x) = xf(x) = · · · = xn–f(x)
is of the form p(x) = , where p is a polynomial of degree at mostm+ n– , and as each of
these equations is satisﬁed when x = x, the determinant of the coeﬃcients must vanish.
This (m + n)× (m + n) determinant is the resultant R(f, f) of f and g and
R(f, f) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
c . . . . . . cn
. . . . . .
c . . . . . . cn
d . . . . . . dm
. . . . . .
d . . . . . . dm
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
where the omitted elements are zero, and the diagonal of R(f, f) containsm occurrences
of c and n of dm [, p.]. We can obtain Table  from the results of Section .
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Table 3 Formulas for a1 ∼ a12
x = n x = p∑x–1
m=1 σ (m)σ (x –m)
1
12 (5σ3(n) + (1 – 6n)σ (n))
1
12 (p – 1)(p + 1)(5p – 6)∑x–1
m=1mσ (m)σ (x –m)
n
24 (5σ3(n) + (1 – 6n)σ (n))
1
24 p(p – 1)(p + 1)(5p – 6)∑x–1
m=1 σ (m)σ3(n –m)
1
240 (21σ5(n) + (10 – 30n)σ3(n)
– σ (n))
1
240 (p – 1)(p + 1)× (21p3 – 30p2 + 31p – 30)∑
m<x/2 σ (m)σ (x – 2m)
1
24 (2σ3(n) + (1 – 3n)σ (n)
+ 8σ3(n/2) + (1 – 6n)σ (n/2))
1
24 (p – 1)(p + 1)(2p – 3)∑
m<x/2 σ3(m)σ (x – 2m)
1
240 (σ5(n) – σ (n) + 20σ5(n/2)
+ (10 – 30n)σ3(n/2))
1
240 (p – 1)p(p + 1)(p
2 + 1)
∑
m<x/2 σ (m)σ3(x – 2m)
1
240 (5σ5(n) + (10 – 15n)σ3(n)
+ 16σ5(n/2) – σ (n/2))
1
48 (p – 1)(p + 1)(p
3 – 3p2 + 3p – 3)
∑
l+m+s=x σ˜ (l)σ˜ (m)σ˜ (s)
1
64 {σ˜5(n) + 6(1 – n)σ˜3(n)
+ (8n2 – 12n + 3)σ˜ (n)}
1
64 (p + 1)(p – 1)
2(p2 – 5p + 10)
∑x–1
m=1 σˆ (m)σˆ (x –m)
1
12 (σ3(n) + 4σ3(
n
2 ) – σˆ (n))
1
12 (p – 1)p(p + 1)∑x–1
m=1 σˆ (m)σ˜3(x –m) –
1
48 (σ˜5(n) + 2σ˜3(n) – 3σˆ (n)) –
1
48 (p – 1)p(p + 1)(p
2 + 3)∑x–1
m=1mσˆ (m)σˆ (x –m)
n
24 (σ3(n) + 4σ3(
n
2 ) – σˆ (n))
1
24 (p – 1)p
2(p + 1)∑
l+m+s=x σˆ (l)σˆ (m)σ˜ (s)
1
576 {σ˜5(n) + 4σ˜3(n) + σ˜ (n)
– 6(2n – 1)σˆ (n)
+ 6(n – 1)(σ3(n) + 4σ3( n2 ))}
1
576 (p – 1)
2(p + 1)2(p + 6)
∑
l+m+s=x σˆ (l)σˆ (m)σˆ (s)
1
192 (σ5(n) – 8σ5(
n
2 ) – 2σ3(n)
– 8σ3( n2 ) + σˆ (n))
1






σ (m)σ (n –m), a(n) :=
n–∑
m=




σ (m)σ(n –m), a(n) :=
∑
m<n/




σ(m)σ (n – m), a(n) :=
∑
m<n/




σ˜ (l)σ˜ (m)σ˜ (s), a(n) :=
n–∑
m=




σˆ (m)σ˜(n –m), a(n) :=
n–∑
m=




σˆ (l)σˆ (m)σ˜ (s), a(n) :=
∑
l+m+s=n
σˆ (l)σˆ (m)σˆ (s).
There exists a polynomial T(x, y) ∈ Z[x, y] such that T(ai(p),aj(p)) =  with i, j ∈ {, ,
. . . , } where p is an odd prime. We abbreviate a(n) to a and it is also applied to the
other values. Then we get Table .
Proof We illustrate the proof for the ﬁrstT(x(p), y(p)) =  inTable . InTable we consider∑x–
m= σ (m)σ (x –m) and
∑x–
m=mσ (m)σ (x –m) with an odd prime x put by q + . As
q∑
m=
σ (m)σ (q +  –m) = 
(





mσ (m)σ (q +  –m) = 
(
q + q + q – q
)
,
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Table 4 Formulas of T(x(p),y(p)) = 0
(x,y) T(x,y)















1 – 750a1a3 – 1,045,050a
2
1a3







(a1,a4) –5a21 + 32a
3































1 + 2,656a1a6 + 304a
2
1a6











1 – 3,264a1a7 – 217,152a
2
1a7







(a1,a8) –a21 + 2a
3















1 – 1,110a1a9 + 3,940a
2
1a9
















+ 2,400a1a210 – 5,000a
3
10

















































(a2,a4) –15a22 + 128a
3



























































2 – 2,040a2a7 – 121,140a
2
2a7
























































– 1,000a2a310 + 1,250a
4
10






























+ 720,000a2a312 – 4,800,000a
4
12
(a3,a4) –6,625a23 + 64,000a
3










+ 4,723,920a44 – 10,668,672a
5
4






3 + 52a3a5 + 56a
2
3a5




























































































+ 14,936,140,800a3a47 – 16,728,477,696a
5
7
(a3,a8) –125a23 + 1,000a
3


























































3 + 22,500a3a10 – 311,950a
2
3a10






























































































































(a4,a8) –4a24 + 32a
3















4 – 168a4a9 + 2,432a
2
4a9




















































5 – 20a5a6 + 2,600a
2
5a6
























+ 57,600a5a46 – 2,304a
5
6




5 – 15,900a5a7 – 4,972,500a
2
5a7
























+ 153,600a5a47 – 8,192a
5
7
































































































































(a6,a8) –4a26 + 64a
3













































































































































(a7,a8) –80a27 + 512a
3


















7 – 14,880a7a9 + 139,392a
2
7a9










































































































































































































































































f(X) = X + X –X – a(q + ),
f(X) = X + X + X –X – a(q + )
have common zero, namely, X = q. We deduce that for each odd prime p (= q + ),
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
  – –a   
   – –a  
    – –a 
     – –a
   – –a  
    – –a 
     – –a
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 
and this simpliﬁes to give R(f, f) = ,(–a + a + aa + aa – a) = , so
we can ﬁnd the irreducible polynomial T(a,a) = –a + a + aa + aa – a = .
Other results in Table  can also be obtained by using the resultant. 
Remark . The plane curvesT(x, y) =  in Corollary . all have zero-genus since x, y are
polynomials of p, which leads to a morphism from the projective line P to plane curves
T(x, y) = . Then it follows easily from the Riemann-Hurwitz theorem (e.g., see Corollary 
on page  of []).
Example . We suggest Figure , Figure  and Figure  for results of Zi,j = T(ai,aj) and
T(ai,aj) = .
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Figure 1 Z1,2 and T(a1,a2) = 0.
Figure 2 Z1,3 and T(a1,a3) = 0.
Figure 3 Z1,4 and T(a1,a4) = 0.
Kim et al. Journal of Inequalities and Applications 2013, 2013:58 Page 14 of 14
http://www.journaloﬁnequalitiesandapplications.com/content/2013/1/58
Competing interests
The authors declare that they have no competing interests.
Authors’ contributions
All authors contributed equally in this paper. They read and approved the ﬁnal manuscript.
Author details
1National Institute for Mathematical Sciences, Doryong-dong, Yuseong-gu, Daejeon, 305-340, Republic of Korea.
2Department of Mathematics and Institute of Pure and Applied Mathematics, Chonbuk National University, Chonju,
Chonbuk 561-756, Republic of Korea. 3Division of Cultural Education, Kyungnam University, 7(Woryeong-dong)
kyungnamdaehak-ro, Masanhappo-gu, Changwon-si, Gyeongsangnam-do 631-701, Republic of Korea.
Acknowledgements
Dedicated to Professor Hari M Srivastava.
This work was supported by the Kyungnam University Foundation Grant, 2013.
Received: 5 December 2012 Accepted: 4 February 2013 Published: 19 February 2013
References
1. Huard, JG, Ou, ZM, Spearman, BK, Williams, KS: Elementary evaluation of certain convolution sums involving divisor
functions. In: Number Theory for the Millennium, vol. II, pp. 229-274 (2002)
2. Lahiri, DB: On Ramanujan’s function τ (n) and the divisor function σ (n), I. Bull. Calcutta Math. Soc. 38, 193-206 (1946)
3. Hahn, H: Convolution sums of some functions on divisors. Rocky Mt. J. Math. 37, 1593-1622 (2007)
4. Beardon, AF: Sums of powers of integers. Am. Math. Mon. 103, 201-213 (1996)
5. Rosen, M: Number Theory in Function Fields. Graduate Texts in Mathematics, vol. 210. Springer, Berlin (2002)
doi:10.1186/1029-242X-2013-58
Cite this article as: Kim et al.: A remark on algebraic curves derived from convolution sums. Journal of Inequalities and
Applications 2013 2013:58.
